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Extreme Points of the Class of Discrete

Decreasing Failure Rate Life Distributions

by

Naftali A. Langb.rg, Ramôn V. Ledn, James Lynch, and Frank Proschan

ABSTRACT

We show that the class of discrete decreasing failur, rate (DFR)

life distributions is a convex class . Je then obtain the extreme points

of this class. Finally we show how to represent any discrete DPR distri-
bution as a mixture of these extreme points.
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1. Introduction and Suimsary.

Although a great deal of research has been performed on th. class of

DFR life distribution s in the continuous case (see, e.g., Barlow and

Pros~han, 1975, Chaps. 3 and 4), very little has been done in the discrete

case. Discrete DFR life distributions govern (a) in the grouped data

case, the number of periods ~n~til failure of a device governed by a DFR

life distribution, (b) the number of seasons a TV show is rim before

being cancelled. Thus discrete DPR life distributions are of great signi-

ficance in spite of their relative neglect in the reliability literature.

In Section 3 we show that the class of discrete DFR distributions is

a convex class and we identify each extreme point of the class. Roughly

• speaking, the extreme points are the piecewise geometric distributions

supplemented by the distribution degenerate at the origin.

In Section 4 we show how to represent by construct ive methods any

discrete DFR distribution as a mixture of extreme points of the class

of discrete DPR distributions.

Note that although the probli. treated and the results obtained are

of the same type as those of Langb.rg, León, Lynch, and Proschan (1978)

(which obtains the extreme points of the class of DFR distributions in the

continuous case and shows that every such DFR distribution is a mixture

of the extrem, point s of this class) , the mathem atica l methods used in the

two papers are co~~letely different . Thus in th. present paper , the

rep r.s.ntatio m of a member of the discret e DFR class as a mixture of

: -- -~~~~_
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extreme points is obtained by constructive methods; the existence of a

representation for the continuous case treated in the referenced paper is

obtained by the use of Choquet’s Theorem (see Phelps 1966, pp. 19-20).

I Having obtained the extreme points of the class of discrete DFR

distributions, we plan to use this information to obtain bounds, inequalities ,

and optimel values of convex functionals of discrete DFR distributions.

.1
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2. Preliminaries . 1:

A distribution P is a discrete life distribution if its support is

contained in the set (0, 1, .. . }. Throughout , we denote the survival

funct ion of a discrete life distribution P by~~~(k) 1 - F(k - 1),

k .0 , 1 

Definition 2.1. Let P be a discrete life distribution. Then F is

decreasing failure rate (DPR) if ~~(k + 1) � ‘
~~(k) 

~F
Ck + 2) for k • 0, 1,

We note that

Proposition 2.2. Let F be a discrete DPR lifo distribution. Then

(a) the support of F is the set (0 , 1, ...}, or (b) the support of P is

the set (0). 
.

Let 
~d be the discrete life distribution having support (0}. We denote

the failure rate of a discrete DFR life distribution F * 
~d by

- 

~~~ 
• 1)

r~(k) , k • 0, 1, ..., and denote the class of discrete

~F (k)

DFR lif e distributions by GD.

We define two basic concepts to be used in the paper .

Definition 2.3. Let 3 be a class of distribution functions. Then

0 is a convex class if F OF 1 + (1 - e)F2 belongs to 0 whenever F1 and

F2 belong to 3 and 0 is in (0, 11.

Definition 2.4. Let 0 be a convex class of distribution functions,

and let F be in G. T h e n P i s an extreme point o f G i f there exist no

distribution functions P1 and P2 in 0 and a real number 0 in (0, 1) such

that F I 8P
~ • 

(1 - e)F2.

Throughout we d.fine a product over an .~~ty set of indices as 1, a

sue over an e~~ty sit of indices as zero, and a .ini* over an e~~ty set as..

• I
~~ ~~~ ~~~~ 

:.. ,,~~~~ ~ ~~.
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3. The extreme Points of the DFR Class.

In this section we identify the extreme points of the class of

discrete DFR life distributions.

We note that

Proposition 3.1. A discrete DFR life distribution F * is DPR

~ff � r~(k • 1) for k • 0, 1 

Proposition 3.2. Let k be a nonnegative integer and let F x 
~d 

be a
discrete DFR life distribution. Then r~(k) ~ r~ (k + 1) iff ~~(k + 1) •

~‘F(I~ ~~~ + 2 ) .

First we show that the class is convex.

Le 3.3. The class of discrete DFR life distributions is convex.

Proof. Let F 8 F
1 • (1 - 0)F2, where P1 and P2 belong to and 8

is in (0, 1]. We show that F is a discrete DFR life distribution. Let k

be in the set (0 1, . . . } .  Then

~~(k) ~~(k • 2) • (0 
~~ 
(k) • (1 - OW~ 

(k)~ (
~ P’.,~ (k • 2) • (1 - 0)F~ (k + 2)].

1 2 1 2

By algebraic simplification we obtain that

P~(k) ~~(k • 2) �[o1~~~ (k)’~ (k +2) • (1 - 0)/ ~ (k)~ (k • 2)32.

Since (01P~~ (k)P~ (k • 2) • (1 - 0) it’ 

~ 
(k)W ~ (k + 2) 12

1 1 2 2

~ (0 F.~ (k • 1) • (1 - 0)~~ (k + 1)32 ~
‘ (k • 1),

1 2

the conclusion of the leu follows. fl
To accomplish the objective of this section we need the following le sa :

_ _ _ _ _  _ _ _ _  ~~~~~~~~~~ 
~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ 

~~~~~~~~~~~~~~~~



L e a  3.4. Let F 8 P1 + (1 - 0)F2, where 
~ ~d 

and P2 * ~d 
belong

to G0, and 8 is in (0, 1]. Assume that for some nonnegative integer k,

r~(k) •r~(k + l). Then r~(k+i) •r (k+J) — r  (k+~~) for j — 0 , 1.
Fl F2

Proof. In the proof of Lemsia 3.3 we establish the following chain

of inequalities:

~~(k) ~~(k • 2) 
~
°1
~~F 

(k)L,~ (k + 2) + (1 - O)/~~ (k)~~ (k + 2)3
2

1 1 2 2

2 2
� (0 (k + 1) + (1 - O)P~ (k + 1)] — 1’F~~ 

+ 1).
1 2

Since by the hypothesis of the present lesmia and Proposition 3.2, the two

extreme values in the chain are equal, the following equalities hold:

(i) (k • 1) a 
~~ 
(k)~~ (k + 2) for j — 1, 2, and (ii) 

~~~ 
(k) —

_ j j j
A P~ (k + 2) for ~ • 1, 2, and for some number A ~ 1. Consequently the

j
conclusion of the lema follows. fl

Next we identify the extreme points of the class of discrete DFR

life distributions. Let 0D e  ~~~ 
u (PIP a c1~ 1 r~(0) - rF(l) , and

r~(k) s r~(k - 1), or r~(k) a r~,(k + 1), k • 2, 3, ... . ) .  We prove the

following:

Th.ores ~~ ~~~ is the class of all extreme Points in the class of

discrete DFR life distributions.

Proof. First we show that all life distributions in G D ~ 
are

extreme points. Let P e OF 1 • (1 - 0)F2, where P1 and F2 belong to

P belongs to %,e’ and 0 is in (0, 1). To show that F is an extreme point

~~ 0D ~~ suffices to prove that P1 - P2. Clearl y P~ is an extreme point.

Thus, to prove that P is an extreme point it suffices to consider two cases

.1

~~~ -
~ 

- 

~- ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~ ~~~~~
- -4



4. 6

I (a) F 
~ 

Fd, F1 * Fd, and F2 * ~d’ 
and (b) P x 

~d’ 
F1 * 

~d’ 
and P2 — Fd.

(a) Let us assume that F * 
~d’ F1 � 

~d’ and that F2 * Fd. Since F
belongs to 00e ’ then (i) P~(1) ~

‘F~~ 
and (ii) ~~(k + 1) - ~~(k)F~(k + 2)

or P~(k + 2) a V~(k • 1)WF(k + 3) for k • 1, 2 Hence it follows

from Lemma 3.4 that F1 a

(b) Next let us assume that F * 
~d’ F1 � 

~d’ 
and P2 • Fd. Then

I~(k) a O~1
(k) for k • 0, 1 Hence, I - r~(O) a 0(1 - r~ (0)], and

1
I - r~(O) — 1 - r~(l). The last two equalities ~.mply that r~ (0) < rF ~),

1 1 1
a contradiction.

Consequently every discrete DPR life distribution in the set GD e  ~~
an extreme point.

To complete the proof of the theorem, we show that a discrete DFR

life distribution that does not belong to 
~D,e 

is not an extreme point in

GD. To show that a discrete DFR life distribution is not an extreme point.

it suffices to prove that the life distribution can be written as a

proper convex combination of two distinct discrete DFR life distributions.

Let F be a discrete DFR life distribution that does not belong to

Then (a) there exists a positive integer k0 such that r~(k0 - 1) > r~( k )  > r~ (k0• 1)

or (b) 1 > r~(~) > r~( l) — r~(2) = 

(a) Let us assur’e that there exists a positive i~te~er k0 such t~at

r~(k - 1) > r~( k )  > r~(k0 + 1). Then the failure rates sequences

rF(k) k � k0 r~ (k) k � k0
r1(k) , and r2(k) a

- 1) k- k0 rr(k0 + 1) k k

determine respectively two distinct discrete DF~ life distributions F
1 and F2.

Note that F — OF 1 + (1 - O) F 2, where 8 rF
( k )  - r~ (k0 + 1) 

Since 0 is
r(k - l ) - r ~(k +1)

in (0, 1) we conclude that F is not an exJem~ point. °

-. ) .p — — 

— 

-~~
., 

—
~~~~~
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(b) Let us assume that 1 > r~ (0) > r~ (l) — Tp (2) a Then the

failure rate sequence r~(l) k - 0

r3(k) E
r~(k) k > O

determines a discrete DPR life distribution F3. Note that

1 - rF(
O) r~(0) - rF(l)F — 

~ - r~(l) F3 + 1 - rF(l) ~d’ 
Since [1 - rF(O)]/[l - r~(l)1 is in

(0, 1) we conclude that F is not an extreme point.

Thus, the conclusion of the theorem follows. II

~ ~~~~~~~~~ ~~~~~~~~~~~~ ~ . _ _ _ _ _  _ _ _ _ _ _  ~~~~~ -~~~
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4 Representation of Discrete DFR Life Distributions as a Mixture of

Extreme Points.

In this section we prove that every discrete DFR life distribution

can he represented as a mixture of the extreme points of the DFR class.

More explicitly, for any discrete DFR life distribution F, we first define

a probability measure W~ supported by a subset of the DFR class of extreme

-
• 

points. We then prove that F is a mixture, with weights determined by W~,

of the extreme points that belong to the support of W~.

• Let F be a discrete DFR life distribution , and let F1 be a discrete

DFR life distribution with a failure rate sequence given by

r~(l) k — 0

r~ (k)
• 1 rF(k) 

k> 0.

Then

1 - rF(O) rF(O) - r~(l)
(4.1) F • 

~ - r~(l) ~l ~1- r~(l) Fd.

Thus, in order to def ine a corresponding probability measure W~, it

suffices to consider distributions in the set (F~F a GD. 
r~(0) - r~(l)).

and then usc Equation (4.1) to determine WF for every discrete DPR life

distribution F.

Let F be in the set G~. To define a probability measure W~ we

construct first a vector of random variables Y(F, ~
) (Y

1
(F , .) ,  Y2(F, ), . . .) ,

with components assuming values in the set (0, 2, 3, ...,  •}, defined on

some space fl. Then we define for each w a ~ a discrete DFR life distri-

bution G
~.(F w) which belongs to the class of the discrete DPR extreme

points and depends on the parameter Y(F , w). Finally, we prove that

_____________________  

•
- - :~!- !~-~
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p

F(k) • E Gy(F~ ) ( I )  fj r k =  0. 1 • Thus, the vector Y( F , ~
) determines

a probability measure ~~ supported by a subset of (G~~1~ ~~~~
. ~ c fl)

such that WF{Ck((F ~~IYq (F~ ~
) — kq i~ q • 1, ...~~ 

5) P{Y~ (F~ ‘) — kq i q a 1

for k1, ..., k5 in the set (0, 2, 3, ... , ~~ ), and s a 1, 2, ..., and F is a

mixture, with weights determined by WF, of the discrete DFR extreme points

which belong to the set GF.

For illustrative purposes we define the probability measure WF ~~r

two special cases: (a) F is an extreme point, and (b) F has only four

distinct failure rates that appear successively.

(a) Let P be an extreme point, let £ be the number (possibly infinite)

of distinct failure rates of F , and let kq i 1 � q < min(& + 1, ~
), be the

number of times (possibly infinite) the qth distinct failure rate of F

appears as a failure rate of F. We define Yq (F~ I k
ci 

1 � q < min(L + 1, ~
),

and Yq(F~ ~
) 0 for ~ > q � & + A . provided that £ c 

~~~ . For ~ c fi let

Yq (F i u),  1 � q c min(L + 1, ‘o) , denote the number of times
q- 1

rFE ) Y~(F, w) + 1] appears as a failure rate in Gy(~,~ ) .  Cl early
i—I —

F thus the degenerate probability measure determined by

Y(F , ~
) and supported by (F) is the desired one.

(b) Let 1 > a(0) ‘ a(2) > i(3) ‘ z(4) > 0, and let

a(0) k 0 , l

r (k) a(k) k s 2 , 3

o(4) k � 4, be the failure rate sequence of

a discrete DPR life distribution P. Let
a(0) ,  k • ~ 1 u(0) k • 0, 1, 2 a(0) k � 4

• r 1(k) ~ a(3) k • 2, 3, r2
(k) ~ , and r3(k)

e(4) k� 4 , a(k) k~~~3 a(4) k~~~4

‘ 
•
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be the failure rate sequences of the discrete DFR life distributions H1

H2, and I1~ respectively. Then by repeating twice the construction presen-

ted in the proof of Theorem 3.5, we obtain that

(4 2) F • - u(2) H + ~j2) - ~(3) H + 
a13) - ci(4) . s(2) - cz(3) H

- cx(3) 1 a(0) - cz(4) 2 c~(0) - (4) (0) - u(3) 3~

We construct the sequence Y(F , .) as follows

2
• u(0) -

• :
- u(3) . a(3) -

ci(0) - cz(3) ct(0) - a(4)

• 1 Y~ (F, ~
) • 2, 3 — 2

P(Y2(P , .1 iI~1(
~
, )) 1 Y1(F, ‘~) 3, 3 S

1 ~‘1(P, (i) ) a 4, 3 •

~
‘2 (F , .)  0, q — 1, 2 Por~ a fi, Y (F, ur), q • 1, 2, denotes the

q-l q
number of times rF ( I Y3 (F , ~i) + 1] appears as a failure rate in Gy(p3.1 — ‘

~~

Clearly G~2, 2, ~, 0, ~ 
— H1, G~3 ~~, ~, ~, ~~~~~ 

— H2, and

~~. 0, 0, . . )  
• H3. From Equation (4.2) it follows that F(k) • B Gy(p w) (k)

for k • 0, 1 Thus the probability measure determined by Y(F, ~
)

and supported by the set of extreme points (H1, 
~2’ 143) is the desired one.

_ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _  — — —  — 

‘• .
_ 
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Before constructing the vector Y(F , .) ,  we define two quantities and

prove a lemma ~teeded for the construction. Let F be a discrete DPR life

distribution such that 1 
~ 
r~(O) • rF(l) > r~ (2) > r~(3). We denote by

m(F) the min (kfk — 2, 3, . . .,  r~ (k) • rF(k + l)}, and by Z(F , .) a random

variable which assumes values in the set (2, 3, . •,  m(F)) with respective
a-i

rF(O) - rp(q) Tr~(J) - rp(J + 1)
• probabilities equal to r ( O) - rp(q + IJ I 

~~(0) - r~(J + 1) for
Ja2

2 � q C min(m(F) + 1, 
~~
]. Next we justify our claim that Z(F , ~

) is a
random variable.

Lemma 4.1. Let F be a discrete DFR life distribution such that

• r~(0) — r~(1) > r~(2) > r~(3). Then (a) m(F) c • implies that

a(P)
• I P(Z(F , w) — q} = 1, and (b) m(F) — implies that ~ P(Z(F , w) — q) � 1.

qa2 qa2
Proof. Let 3 c m(F) .c ~, and let -

rF(k) k S m(P) - 2

r~(k + I) Ic � m(F) - 1,

be the failure rate sequence of a discrete DFR life distribution F1. Then
mIF1) in~P)

m(F 1) • a(F) - 1, and ~ P(Z(F1, ~
) a q) a ~ P(Z(P , w) • q). Thus,

q.2 qs2
part (a) of the lemma ~~~~~ by induction on in(F) . Let a(F) • •, let 3 be
a positive integer in the set (3, 4, .. . },  and let

~~~~ 

4 M •
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r~(k) kS j

• r2(k) r~(J) k • 3 + 1

rF
(k_ 1) k> j + l

be the failure rate sequence of a discrete DFR life distribution F2. Then
a m(F2)

j  — m(F2), and ) P (Z(F , ~
) — q} � ~ P(Z(F2, ~

) — t ).  Thus, from part
q.2 ~ q 2

(a) of the lemma we obtain that ~ P(Z(F , ~) a q} s 1 for 3 • 3, 4 
q.2

Consequently part (b) of the lemma follows. 
~

We start to construct Y(F, •) by deriving Y1(F, .). Let P be a discrete

DFR life distribution which does not belong to the class of the DFR

extreme points such that Tp(O) — rF(l). Le~ min(~ tk = 2~ 3 . . .  r~(k - 1) >

r~(k) > rF(k + 1)), and let r1(k) E rp(j1 + k - 2), k — 0, 1, . . . ,  be the

failure rate sequence of a discrete DFR life distribution F1. We define

Y1(F, ~
) to have the same distribution as Z(F1, ) .

~Ye proceed to def ine Y2(F , - ) ,  Y3(P , .) If Y1(F , w) • ~ , then we

define 
~q+i~~’ 

c.~) 0~ for i • 1, 2 For Y1(F, w) c ~, let
r1 (Y1(F , i~) + 1], r1 (Y1

(F, ~
) + 1], r1 (Y

1
(P , ~

) + 2], .. be respectively

the failure rates of a discrete DFR life distribution F~ ,~~~ 

.~. Then
J

y
2~~ , IIY 1

(P , L), and r2(k, ~) ,  k a 0, 1, . . . ,  are defined in the same way

that we defined Y1(F , •
~~
) ,  and r1(k), k - 0, 1, . . . ,  where F is replaced

by F~ ~ 
. Assume that the joint distribution of (Y (F, ~

), • •
~~~ 

Y~ (F , ) ,

l~~’~~ 
1

d • 2, 3, ..., is well defined, and that Y
q

(P I )IY
1

(F, L.) , ...
~~ 

Yq..1
(F I (I~~)~~

q • 2, ..., d, and Yq(P~ ~~~~~~~ 
w) have the same distribution. Then

we define 
~~~~~~ 
I in the same way that we defined Y2(F, .) ,  where

• Y1(F , u) and Tl are replaced by 
~~~~ 

w)  and rd respectively.

Next we define for each w £ fi a discrete DFR life di stribution

G.. - which belongs to 0.. . Let F be a discrete life distribution whichT(F, c~) i; ,e

‘.4 ..~~~~~ _ _ _ _ _ _ _ _  _ _ _ _ _ _ _
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does not belong to the class of the DFR extreme points such that r~(0) • rF(l).

Let min{k~k a 2, 3, . . .,  rF(k - 1) > r~(k) > r~(k + i)}. Then for every

a fi, r~(O) ,  . . .,  r~(j~ - 1), are the first failure rates of ~~~ 
~~~~~~

For ~ a fi, Y1(F , ~
) represents the number of times the failure rate

rF(j2 - 2), which is equal to r~(31 
- 1), appears in 6Y(F 

~~ 
If

~
‘
l~~’ ~~ - ~ . then the construction of Gy (F 

~ 
is completed . Next let

Y1
(F , 

~) 
c .; to determine the failure rates of ~~~ w) for k — + Y1(F , w) - 1,

+ Y1(F , w), . . . ,  we repeat the construction, but replace F by ~~ (F ~1’
We continue to construct the discrete DFR life distribution G...i(F,4
recursively; in the (k + l)~h step, we repeat the original construction,

but replace F by F~ ‘F

• Let F be a discrete DFR life distribution if 
~~~

. To prove that

F(k) B Gy(p .)(k) for k a 0, 1, ... , we need the fol lowing:

Lemma 4.2. Let F be a- discrete DFR life distribution such that

r~(0) - r~(l) > r~(2) > r~(3)~ let X be a random variable, assuming

values in the set (2 , 3, . . .) , and let 4a(F, X, k) rF(k + l)Pfx � k + 1) -

rF(k + 2)PIX • Ic + 1) - rF(O)P(X � k + 2) for k - 0, 1 Then for

Ic — 0, 1, . . . ,  •(F, Z(F , .), k] — 0. r~(k) k a 0, 1

Proof. Let 3 < m(F), and let r1(k)
rF(k+l) k > l

-

. 
be the failure rate sequence of a discrete DFR life distribution F1. Then

(a) m(F1) + 1 — m(F) , (b) r~ (k) a r~(k + 1) for Ic a 2, 3, . . . ,  and
1

r (0) - r~(3)(c) P(Z(F1, ~
) a k) — Tp(2) - r~(3) 

. P(Z(F, ~
) — k • 1) for k • 2. 3, ...

r~(0) - r~(3)
Thus *(F , Z(F , ) ,  k + 1) r~(2) - r~(3i *[P1, Z(P 1, ‘), k] for Ic • 0, 1, ...
The conclusion of the 1e follows by induction on k. I I

1 ’~ ~~~~~~~~~~~~~~~~~~~ 

- 

~~~~~~~~~~~~ ~~~~~~~~~~~~ ,~~ 4~•~
• 

—
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We prove now that F(k ) • E Gy(F )C..) i~D r k = 0, 1 ,... and F in

Theorem 4.3. Let F be a discrete OFR life distribution that does not

belong to the class of the discrete DFR extreme points such that

rF(O) 
a r~(l). Then for every nonnegative integer k,

(4.3) ~(k) — B 
~~~~

!roof. Without loss of generality, assume that rF(l) > rJ~(2) > r~(3).

Clearly Equation (4.3) holds for k • 0 , 1, and 2. Assume that Equation

• (4.3) holds for all nonnegative integers which are smaller than a fixed

Ic + 1. We prove that Equation (4.3) holds for k + 1.

Denote by r
~
(w , q), q = 0 , 1, ..., the qth failure rate of ~~~ 

~~~~~

By our assumption and by construction of 
~ ~ , we obtain that

Ic _( , ,

1(Y1~~ , 
w ) S E( fl [1 - T

G
(la) , q)flY1 (F, w)} a

qaY
1

(F ,c~)
k-Y

1
(F ,w )

I[Y
1

(F, w )  � k)[l - r~ (Y
1

(F 1 w) + 1}] ~ 0 (1 - r~(q + Y
1

(F, w ) } ].
q—l

Thus, forka 2, 3, ...,

(4.4) EG
~I(F .)(k) a - r~(0)1~~~P(Y

1(F~ w )  � k + 1) +

I P(Y1(F, w)  • q}[1 - r~(0) )~ [l - r~(q + 1)] 11 [ 1  - rp(q • 3)) .
3—1

By our assumption , and Equation (4 .4), we obtain that

E~y(k , .)
(: :  + 1) — • 1) + [1 - rp (0) J

k 1l*[F, ‘11(F , .) ,  k].

The conclusion of the theorem follows from Le 4.2. I I
Next we state and prove the in result of this section .

• :~~~ :-~~~~~~~~~~ . ;~~-. •~~~~Y .
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Theorem 4.4. Let F be a discrete DFR life distribution. Then we can

construct a probability measure W~, supported by a subset of the discrete
• DFR class of extreme points, such that F is a mixture, with weights

~Ietermined by W~, of the DFR extreme points in the support of W~.

Proof. Clearly the result holds for every discrete DFR life distribution

that belongs to G . Let F be a discrete DFR life distribution whichD, e

does not belong to 0D e’ and let F1 be as in Equation (4.1). Then we
,

rF(O) - r~(l) 
-

define W~ as follows : Wp{Fd} — 
~ - rF(l) 

and W
F(SP(F 0IYq(F1~ )

1 - rF(O)q — 1, • 1 - r~(l) WF {GY (F ~)‘~q~~l’ 
w) a kq~ q • l~ .~~~~~‘

for k1, ..., k in the set (2, 3, ... , ~ 
} , and s • 1, 2 From

Theorem 4.3 and Equation (4.1) it follows that W~ is a probability measure

with a support in the subset (Fd
} u ~~~~ . ~ £ fi) of DFR extreme points

—‘ 1’
such that F is a mixture , with weights determined by W~. of the extreme

points in the support of W~. ~ 
-

Finally we note that, as is frequently the case, the representation

is not unique. To show that the representation is not unique, let

~~~ i) k - i
r( k) =

a( 1) k~~~l ,

r1(k) — ~( 1), k = 0, 1,- ..., and let

0
r2 (k) a

a(l) k � l ,

be the ~ iL~re rate se~usnces of the discrete

~~•~~~~~~~~
-- - • • 

~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~
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DFR l ife distributions F, F1, and P2 respectively, where 1 > ~(0) > a(l) > 0.

Then

(4.5) F — ci(0) + 1~- 2a(l) F1 + 
~ 1 ..14~~I) 

F~.

Thus F has two representations, one based on Equation (4. 1), and the other

on Equation 4.5.

•1• 

_ _ _
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-r

17

REFERENCES

R. E. !arlow and F. Proschan (1975). Statistical Theory of Reliability
and Life Testing: Probability tibdels. Holt. Rinehart, and
Winston, New York.

N. A. Langberg, R. V. León, J. Lynch , and F. Proschan (1978). The extreme
points of the set of decreasing failure rate distributions.
4~FOSR iteport 7~3-z, , artie.~t o~ Statistics, Ficrida &tate
lJaiversity.

R. R. Phelps (1966) . Lectures on Choquet’s Theorem. Van Nostrand Co.
Inc., Toronto.

~•1. ::. ~~~~~~~~~~ ~~:t~ ~~~~~~~~~~~~ ~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~~


